Effect of Ground Permeability on Ground Return Circuits 

By W. HOWARD WISE 

The formulas for the self and mutual impedances of ground return 
circuits are derived without restricting the ground permeability. Curves are 
given to show the effect of a ground permeability 1.7 on the mutual imped- 
ance between two parallel ground return circuits with the wires lying on the 
ground. 

ON account of the irregular and heterogeneous character of the 
major portion of the earth's surface and the consequent difficulty 
in choosing a conductivity to be used in a computation of ground 
return circuit impedance it has heretofore been considered useless to 
take into consideration the possibility of an earth permeability greater 
than unity. However, since the permeability may sometimes be 
known to be appreciably different from unity and it is always desirable 
to reduce the probable error in a computation and since the inclusion 
of the permeability in the formulas may sometimes lead to a better 
agreement between the theory and experiments it seems worth while 
to provide formulas which include the permeability. 
The self impedance of a ground return circuit is 

Z = z + i2u log p"ja + 4«(P + iQ), 

where s + i2<a log p"ja is the self impedance with a perfectly con- 
ducting ground and 4w(P + iQ) contains the effect of the finite con- 
ductivity and permeability of the ground. Carson * has derived an 
infinite integral and series expansions for P + iQ on the basis of unit 
permeability. The infinite integral derived here is arrived at merely 
by going through Carson's paper and writing in the permeability 
wherever Carson has replaced it by unity. The reader will be expected 
to have a copy of Carson's paper at hand as not all of the steps in his 
paper will be here reproduced. 

Equations (23) and (24) respectively are the new infinite integral 
formulas for self and mutual impedance. Equations (.4.) and (C) 
respectively are the new asymptotic and convergent series formulas 
for P and Q. The functions m and / occurring in equations (C) are 
functions of the permeability. Since some of them are defined by 
series and their computation is consequently rather laborious, enough 

1 John R. Carson, Bell System Technical Journal, Oct., 1926. 
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of them are tabulated for values of n from 1 to 1.7 to provide for the 
computation of P and Q for values of r t up to 2. 

Equation (l) 1 is unchanged but there is a new definition for a 

a = 4irX/io>. 

Since curl E = — (d/dt)fiH equations (2) and (3) have the factor n 
added to their left hand sides. 

The next change is in the application of the boundary conditions. 
At the surface of the ground H z and nH y must be continuous. The 
equations to be solved for F(t) and <£(t) now become 

4- Vt 2 + ia F(t) = 2Ie~ hr + 0(t), 



lrF(r) = 2/<r>* - <Kr), 



whence 



F(r) = **" if, (11) 

■\t z -f- 1a + ixt 

*(r)= f^ 1 "->' T e->"2I. (12) 

The new equations (13), (14), (18), (19), (20), (23) and (24) are 

E, = - ikaU f M C ° S X T e- Th +"^^dT, (13) 

Jo Vt* + ia -\- txT 

E. = - t4«Iji r , CQSA " /T c-^+v^+'th, (14) 

Jo Vr a + i + mt 

£ z = — fWp I -== cos x'tiIt 

Jo Vr- f J + /xr 

-^/log^-^F, (18) 

2/ = - i4co//x I ; dr - Hullog— + TV, (19) 

Jo Vr- + i + fiT ° 

r 2 = (G + toC) 3 + i2co log ^ 

J^oo -,-2ft'r "I 

,— -^ , — <*r . (20) 
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I' /-co e -Wr 

R-\-iX = Z = z + *2w log— + Uun | </r (23) 

a Jo Vt 2 ' 



+ i + fXT 



= z + *2w log— + 4o(P + 7(2), 



p" /»» r (V+»ii' 

Z ]2 = i2u log — 7- + iAun | cos x'rdr (24) 

P Jo Vt 2 + i + iit 

n 

= %2u log p — + 4w(P + *(?)• 
p 

The principal steps in the derivation of equation (18) are given in 
Appendix I. 

The new definition of P + iQ is 

, cos .r'rrfr. 

o Vr 2 + i + /it 

Replacing i by z; 2 and assuming that v is a real quantity this is 

, dr, 

o Vr 2 + 1+ mt 

where i? is used to indicate that the real part is to be taken. 

T he asy mptotic expansion is easiest derived by expanding 
l/(Vr 2 + 1 + /xt) into an ascending power series in t and integrating 
termwise. 

1/(V^TT + nr) = 1 - Mr + (M 2 - *V - (m 3 - mV 

+ (/x 1 - f M 2 + fV - (m 6 - 2 M » + m )t« + -•••, 
whence, writing //' + y' + ix' = re w , 

, [ cos 6 cos 20 1N cos30,. ( 

-(M'-M)^3! + (M*-V + !)^4! 

-^ 2 -l) 2 ^5! + 
whence, separating the real and imaginary parts, 



]■ 



■*[ 



COS d _l_ (1 2 1 > COS 30 

- + (2/i 2 - 1) 3 



r r" 



+ 3(12 M 2 - 8m 4 - 3)^4^ + 
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i 2 - 1 



; ^1! COS 20- (i-s-iYfl < ! 



( £-_-iYs>:<, uxi 



v = f> 



cos ,- . • . v cos 30 
— (V - 1) — ■ -*— 



+ 3(12^ - 8^ - 3) C -^ 



■]• 



W) 



x 2 - 1 



'u 2 - IV 



3! cos 40 - 



- IV 



7! cos 



+ 



IV 



11! cos 120 - + 



•]■ 



It is worth noticing that when r is so large that only the leading 
terms in P are of importance 

p = [ M + (/n + //,) N '2W^]/47rXo,[.V 2 + (//,+ // 2 ) 2 ]. 



At power frequencies (h\ + // 2 )\27rXu>M is small in comparison with m- 
When /* — 1 is small a series in powers of y. — 1 is a convenient 
form of solution. This is readily arrived at by writing 



1 



Vr 2 + 1 + fir 



. ! [i ( s ) 

Vr 2 + 1 + r L V \'r 2 + 1 4- r / 



+ (^T^)'- + -] 



The expansion is absolutely convergent for all values of t if 
c = it - 1 < 2. 



1/(V^TT + Mr) - (Vr 2 + 1 - r) - er(Vr 2 + 1 - r) 2 

+ € 2 r 2 (V7 2_: M - r) 3 - + • • • 
= Vr 2 + 1[1 + e2r 2 + e 2 (4r 4 + r 2 ) + e 3 (8r 6 + 4r 4 ) 

+ 6 4 (16t« + 12r 6 + r 4 ) + e B (32r 10 + 32r 8 + 6r 6 ) 
+ t 8 (64r 12 + 80r 10 + 24r 8 + t 6 ) 
+ e 7 (128r 14 + 192r 12 + 80r 10 + St 8 ) + ■ ■ ■ ] 
- [t + e(2r 3 + r) + e 2 (4r 6 + 3t 3 ) 

+ e 3 (8r 7 + 8t 5 + t 3 ) + e 4 (16r 9 + 20r 7 + 5r*) 
+ c*(32t" + 48r 9 + 18r 7 + r 6 ) + • ■ ■ ]. 
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Writing c = v(h' + j' + ixf) = vrc te we have then 

Jo V^TT + mt 

Vt* + Ic-'Vt = I cosh 2 ^r C8lnh *^ 

o Jo 



(5) 



]■ 



r 3 3 2 5 T 3 2 5 2 7 ^ 



HV z R[f(c) — (1/c 2 )] = m times Carson's P + *Q with a = //47rAco. 

The problem is now reduced to the tedious procedure of differen- 
tiating /(c) and separating real and imaginary parts twice for. each 
power of e. The chief steps are given in Appendix II. The result 
is best written in the form 

'-i[--afa) 4 ««+i&(3) , - M 



m\i / r, 



6!7! 



-j 1 ms ]2fl ' - 



+ 



0T w 2 /r x \2 . _ 

aLlBlUJ S1 



3!4! V^ * ■ m "" 
+ 5!6!(-2 ) Sml00 ' 



1 T r, 



cos r x 3 cos 30 ri 6 cos 50 

— m 3 — ^ m h 



3 2 5 ° 3 2 5 2 7 

r, 7 cos 70 , I 

+ ™t 325*729 + " "J 



. ri 2 cos 20 / . , . 2 \ r, 6 cos 60 

+ ^ri2r( /2 + W2log ^)-^3 



)s60/. 2\ 

jiy-^/e + Welog-J 



, ?V°coslO0 / . . . 2. 
+ 2"5!6! ( 10 + Wl ° Iog n ' 



0= -j\M\1) COs29_ 3!4T(^j cos6 " 

, Wio />l\ 10 

+ 5!6lU/ COslO0 - + 
8 See Jahnke & Emde, "Funktionentafeln," pages 171 and 93. 
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W12 r x 



6!7! 



'-j ) sin 129 - 



1_ 

V2 



r, cos , ri 8 cos 39 r, 5 cos 50 

w, ; 1- m 3 ^ — - w; 5 



3 2 5 



- m 7 



3 2 5 2 7 

r, 7 cos 70 + + 
3252729 



1 /, , 2\ f! 4 cos 40/. . . 2 

+ 2-om( /o + Wolog n ) " i«- V 4 + W4,og n. 

. n 8 cos 80/. . , 2\ 

where r, = t/Vm = V47rXcoL.v 2 + (h + 3O 2 ] = Carson's r and the per- 
meability is contained in the functions m x and l x . 

The definitions of the m x and Z r will be found in Appendix II. The 
table of numerical values should suffice for most needs. 
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0.03861 


0.67278 
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1.38112 
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1.71141 


2.1758 


2.6549 
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1.53153 


1.74676 


2.00996 


1.5 


1.20000 


1.28403 


1.44000 


1.65922 


1.94400 


2.30254 


1.6 


1.23077 


1.32793 


1.51479 


1.78442 


2.14402 


2.60929 
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1.25926 
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1.58573 


1.90706 
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mi 
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1.27799 


1.3334 


1.3926 


1.4554 


1.5217 


1.5918 


1.2 


1.59192 


1.7270 


1.8767 


2.0420 


2.2241 


2.4244 
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1.94162 


2.1834 


2.4613 


2.7798 


3.1441 


3.5602 


1.4 


2.32690 


2.7055 


3.1556 


3.6895 


4.3217 


5.0696 


1.5 


2.74752 


3.2957 


3.9685 


4.7925 


5.8003 


7.0324 
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3.20326 


3.9566 


4.9089 


6.1108 
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12.6816 
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The curves show the effect of /x = 1.7 on the mutual impedance 
between two parrallel ground return circuits with the wires lying on 
the ground. The dashed portions of the curves were not computed. 

Appendix I 
Equations (4), (7) and (17) substituted into (16) give 



E : (x, y) = E z (x, 0) - M ^ [ r2 + (/? _ y)2 



/•• 1 dV 

+ J 0(t)cos«t-«-^tJ^--^- 

= E,(;v, 0) + iw I 0(t) cos .vr^-*' - 1) -^ 
Jo 



" \ 2 /(//■ - y) _ 
) 2 

•e- pr rfr Idy — -r 

T 

, . 71 -v 2 + (ft - y) 2 *V 

+ ««' lOg A -2 + /,2 ^ 

. / ,C0 UC - '"" COS XT , 

= - ;4co7 I . (It 

Jo Vt 2 + ia. + /»r 

+ i2aI [" VrTT ^ - S (r <»«>' - r*) 2=^ * 

Jo Vr 2 + ia + M 7 " T 

, • n t + (ft - y) 2 av 

= — ?4aji | ■ cos xtcIt 

Jo Vr 2 + fta + fir 

J ■-•CO po c ! TT 

( e -(»+ir). _ e -/.r)^_rf T 


. -r 2 + (// - y) 2 3F 
4- lul log 5—; — ;-5 r~ 

= - i\ul I , cos XTClT 

Jo Vr 2 + la + fiT 

, . ,, .r 2 + (ft - y) 2 3F 

Appendix II 
The succeeding analysis has been considerably shortened by writing 

f „„, = co„ — tain + o ~T + Wa(n-J-m)» 
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co„ = £ - , COo = 0. 

1 s 



/w=UU-4 



c 2 ' 3 3 2 5 ' 3 2 5 2 7 3 2 S 2 7 a 9 



+ - 



+ I [r.o-r2o r j2i^j +f " 2!3](l) 

~ ri0 3l4l(l) + J 

^2 L 1 !2 ! V 2 / ^2!3!\2/ 

"5Ri(l) ,+ -" , ] u «^ 

«■)/ ) ^ (w + D! . 1 (w - I)! l (»-3)! 1-3 (w- 5)! 
■/ W c „ +2 + 2 c - 2-4 r"- 2 + 2-4-6 c n " 4 

1-3-5 ■•■(«- 3) 1! 



- + 



2-4-6 ••■ » 



, / _ 7W , r (n/2)lc (1 +n/2)!r 

" r *• ; L3-5-7 ••• (» + 3) l!3 2 5-7 ••• (n - 

(2 4- w/2) ! <" 5 



5) 



+ 



1 \(«/2)+l 

2 



f[(n/2) j l]n/2 



2!3 2 5 2 7-9 ■••(» + 7) 
1-3-5 ••• (n - 1) 



- + 



Ij + 1 ) : 



3-5-7 ••• (w + l) /c\ 2 , 

- S I(n/2) r2]n/2 ~ — JJ T I %~ ) 



1 \(n/2)+l 

2 



11(5 + 2)! 



1-3-5 ••• 0/ - 1) 3-5-7---(«4-l) 



" (f+1 i: 



i (f + 2 i: 



2!(| + 3) 



Iog £ 



the w being an even integer. 

The inverse powers of c all cancel out, in equation (B), and there 
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remains 



P + iQ = ^*{f g, - ^q, + 3^7 -75 - 5^5* + - 



+ 9 



(r/2) 



i in 



fr/2V 



HI /J " " f 20 T!2T ^ 2 + f8 ° TUT ^ 



- f« -314T ^ 6 + ~ 



(2?) 



,1. 2 T (r/2) 2 ,(c/2)' 



(c/2) 1 

3!4! 



96 



-•]}■ 



where 



i\opo = fio — e2.<"2i 2T9T "^ e2 ( "^ 32 2 2 • 3 ! "" *" 21 2 _ 2~T/ 



■■ 1 -«^-4f» ! 



2 3 -4! 
1 ■ 3 • 5 • 7 



2 2 -3! 



1-3-5 



1-3 



+ «' ( 16fsi 2*75J 12i " 43 2 3 -4! "*" ^ 3a 2* 7 3T/ *~ 



1_ 

2! 



2! 



r«nx7^2 = faoTJi — c2fai^-^l + * 2 ( 4f 42 -,., , , — fa 



"2^3! 



3-5 
2 2 -4! 



2-3! 



3-5-7 ... 3-5 
- 4ii2 7rr 



faoyf/>4 = fro-Tj ~ e2 i"4i 9T4I + e " ( 4ffi 



3! 



»" 2 ;, 5! " ■ 2-- -I! 

5 



2 2 -5! 



441 T 



2-4! 



,5-7-9 ._ 5-7 



2 3 -b! 



2 2 -5! 



+ 



+ 



g ° = 1 ~ e2 F2l + f2 ( 4 FTi"2T!) 



1-3-5 1-3 

2**4! 2 2 -3! ' 



2! 32 = 2!" e2 F3l 



3-5 3 



+ e 2 4^-,- 



2 2 -4! 2-3! 



' 8 - - ' 7 - 4 -^- ) ! - 
°2 3 -5! 2 2 -4!/^ 
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1 1 5 / 5-7 5 

— q i = — -e2-—.+ e 2 [ 4—y-.- 



3!-" 3! 2-4! ' V 2 2 -5! 2-4! 



5-7-9 . 5-7 
— 4- 



2 3 -6! 2 2 -5! 



2 l - 1 1 / 2 2 - 2 ' 2 l -l! 



.-., ,ZllL_ 4^2] )+ _ 



5-7-9 5-7 



21.7I / 2 2 -3' 2 l • 2 ' 



7 ' V 7-9 7 



2 3 -4' ? 2 -S' 

°7-9-ll * 7-9 



91.3I / 92.41 91.31 

2! (/J = 2! - ^2^-^+ e 2 ( 4 



9 ' V 9-11 9 



_eM8 2 '" 5! -4^i)+- 
1 911-13 911 ' 



The way in which the succeeding terms of each series are to be 
formed will be made clear by comparing the numbers just preced- 
ing the fs in the p series with the numbers in the expansion of 
1/(Vt* + 1 + fj-r) into a power series in e. 

The series converge if e = /* — 1<2. 

The q series are all represented by the single formula 

n ( 2 V +(l/2) Jf( X 1 * 9_J_* 



(^ri'^ti) 1 



- 2 



2 

*(* + 2) / e\ 2 (.r - 2)(x - 4) 



(.v + 4)(* + 6) \2) 2-4 

y(.r + 2) / e V (* — 2)(jc — 4)(* - 6) 
(.r + 6)(A- + 8)V2/ 2-4-6 

x(x +2) / e \ 4 (.v - 2) (a- - 4)(x - 6)(x - 8) 



{x + 8)(* + 10) \2/ 2-4-6-8 



]• 



good for all values of c if x is even ; good for € — 2 if £ is odd. Other 
series are available for odd x and 2 < e but there is little likelihood of 
their being needed. 
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f (]+*/2)0/»x = ( 1 + 2 ) ! 



+ f 2 / Hi3+x/2)2 



f(l+*/2)0 



1 



i+f ): 



-e2f 



*+l 



(2+1/?) 1 



M-2+| 



(*+ l)(* + 3) 



2 2 ( 3 + 1 ) : 



— £ (2+1/2)1 



X + 1 



!(2 + =|! 



Since ^ = f»c*-« + w«(n-i-») we can write this 
{"(i+i/2)o/' z = u x q x + 5 X , 



where 



<5x = ( 1 + ™ ) ! I f (l+i/2)i/2 7 -T— 

i ( 1+ ^) ! 



-at 



x + l 



(2+1/2) (1+1/2) 



J(2 + f 



+ f 2 / H(3+x!2) (2+1/2) 



( 



(s + l)(x + 3) 
2'(3+|)l 



— f (2+1/2) (l+z/2) 



tf + 1 



2/i . 1 + /x 
So = r log^— 



6 2 = 



„'- 1 

2 



1 



l+/x/\2' M -l (/i - 1) 



2(2 + - 



log^ — 



5, = -t^—7 ' ^-r (fx/2 ( x/2-i) - 5x_ 2 ) for 4 < *. 
M — 1 x — 1 

Bv separating the real and imaginary parts one gets from equation 
(D)' 



p= M 7n ~^(0 ,cos4 "' </,+ ^(2 r ) ! 



cos 86 -q 8 1- • • • 



j sin 60-q 9 H •■■ 



+!"[Tk(2 r ) !sin2 «- 4 '-3Hl(5j 8in6, '-*' + 

^ T r cos r 3 cos 30 > 5 cos 5 

"vfL 



r cos 6 r 3 cos 30 

-7-*— i ^r-^--^7- 25 + + 



+ 5l!2l(l) 2cOs20 ( r2o/,2 + g2lOg |"r) 



i 3m (l) 6 cos 60 ( r40 ^ 6 "*" ffe log ^ 

1 



2 \ 



' r 5m(i) coslO0 U^" + 2" lo g^J- + •••' 
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Q = -f M [1121(f) cos26 ' q2 ~jw.\i) cos69 -zs+ - ••■] 
- 1" [ 2T3T (*)' sin 49 - e4 ~ m (ij s{n 8e - q * + — ] 



. /j [r cos 5 . r 3 cos 35 r 5 cos 50 



3 tfl ^ 3*5 * 8 3OT 



1 / 9 

+ 2 0!n( Wo " 1 " 2fllog r 

\ n ( r\ A I 7 

~2 2!3lV2J cos4^f 3 oA + 2 4 log- 

+ 2 4&t(i) cos80 (^^ + ^ |o g^) - + •••• 

Equations (C) are now got by writing r = riVi". m x = n x+( - xli) q x and 

L = M l+fo/2) a[i+(x/2)]0p a - ff.log 7V^)- 
4 = W»(« a - log, 7 Vm) + M l+(z/2) 5x 
log. 7 = 0.5772157. 



